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ASYMPTOTIC STABILITY PROPERTIES OF SOLUTIONS TO A
BRESSE SYSTEM WITH A WEAK VISCOELASTIC TERM ∗
Mohamed Ferhat and Ali Hakem
Abstract. We consider the Bresse system in bounded domain with a weak viscoelastic
terms acting in the one equation of the system under some conditions imposed into
the relaxation functions. We study the asymptotic behavior of solutions using suitable
energy and Lyapunov functionals.
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1. Introduction
In this paper, we investigate the decay properties of solutions for the initial bound-
ary value problem of the linear Bresse system of the type
ρ1ϕtt − k1(ϕx + ψ + lω)x − lk3(ωx − lϕ) = 0,




ρ1ωtt − k3(ωx − lϕ)x + lk1(ϕx + ψ + lω) = 0,
(1.1)
where (x, t) ∈ (0, L) × (0,+∞). This system is subject to the Dirichlet boundary
conditions
ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = ω(0, t) = ω(L, t) = 0, t > 0
and to the initial conditions{
ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), ψ(x, 0) = ψ0(x), x ∈ (0, L)
ψt(x, 0) = ψ1(x), ω(x, 0) = ω0(x), ωt(x, 0) = ω1(x), x ∈ (0, L)
where the initial data (ϕ0, ϕ1, ψ0, ψ1, ω0, ω1) belong to a suitable Sobolev space. By
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ω, ψ and ϕ we are denoting the longitudinal, vertical and shear angle displacements.
The original Bresse system is given by the following equations (see [1]) :

ρ1ϕtt = Qx + lN + F1,
ρ2ψtt =Mx −Q+ F2,
ρ1ωtt = Nx − lQ+ F3,
where we use N,Q andM to denote the axial force, the shear force and the bending
moment respectively. These forces are stress-strain relations for elastic behavior and
given by
N = Eh(ωx − lϕ), Q = Gh(ϕx + ψ + lω), and M = EIψx,
where G,E, I and h are positive constants. Finally, by the terms Fi we are denoting
external forces.
The Bresse system is more general than the well-known Timoshenko system where
the longitudinal displacement ω is not considered (l = 0). There are a number of
publications concerning the stabilization of Timoshenko system with different kinds
of damping (see [2], [3], [4] and [5]). Raposo et al. [6] proved the exponential decay
of the solution for the following linear system of Timoshenko-type beam equations
with linear frictional dissipative terms:
ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1ϕt = 0
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ˜1ψt = 0.
Messaoudi and Mustafa [3] (see also [5]) considered the stabilization for the follow-
ing Timoshenko system with nonlinear internal feedbacks:

ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + g1(ψt) = 0
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + g2(ψt) = 0.
Recently, Park and Kang [5] considered the stabilization of the Timoshenko system
with weakly nonlinear internal feedbacks.
For the Timoshenko system, along with the new theory og Green and Naghdi [14],
Messaoudi and Said-Houari [15] considered a Timoshenko system of thermoelastic-
ity of type III of the form
ρ1ϕtt − k(ϕx + ψ)x = 0, ]0, L[×IR+,
ρ2ψtt − bψxx + k(ϕx + ψ) + βθx = 0, ]0, L[×IR+,
ρ3θtt − δθxx + γψttx − kθtxx = 0, ]0, L[×IR+,
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where ϕ, ψ and θ are function of (x, t), which model the transverse displacement of
the beam, the rotation angle of the filament and the difference temperature, respec-








This result was later established by Messaoudi and Said-Houari [20] for above sys-













studied and a polynomial decay result was proved for solutions with smooth initial
data. A more general decay result, from which the exponential and polynomial
rates of decay are only special cases, was also established by Kafini [21]. Raposo et
al. [6] proved the exponential decay of the solution for the following linear system
of Timoshenko-type beam equations with linear frictional dissipative terms:
ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1ϕt = 0
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ˜1ψt = 0.
Recently F. A Boussouira and J. Munoz Rivera [22] studied the following problem:

ρ1ϕtt − k1(ϕx + ψ)x = 0,
ρ2ψtt − k2ψxx + k1(ϕx + ψ) + σψt = 0,
ρ1ωtt − k3ωxx = 0,
and proved that this dissipative mechanism is enough to stabilize the whole system
provided the velocities of waves propagations are the same.
Motivated by the previous works, in this paper it is interesting to give a more
general decay estimates of the solutions to the problem (1.1) for a weak viscoelastic
term. To the best of our knowledge there is no result of decay estimate of the Bresse
system in the presence of a weak viscoelastic term. Under suitable assumptions on
both functions g(t) and σ(t) that will be specified later, the initial data and the
parameters in the equations, we establish general decay estimates by using suitable
energy and Lyapunov functionals.
2. Preliminary Results
In this section, we present some material for the proof of our result. For the relax-
ation function g and σ we assume
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(A0) g, σ : IR+ → IR+ are nonincreasing differentiable functions satisfying





σ(t) > 0, 1− σ(t)
∫ t
0
g(s)ds > l > 0 for t > 0,
(2.1)
there exists a nonincreasing differentiable function η : IR+ → IR+ with







The following inequality will be proved in Lemma 3.1 by contradiction arguments.



















x + k1(ϕx + ψ + lω)





On the other hand, thanks to Poincare’s inequality, there exists a positive constant
k˜0 such that, for (ϕ, ψ, ω) ∈ (H
1
0 (]0, L[))






ϕx + ψ + lω)
















We first state some Lemmas which will be needed later.
Lemma 2.1. (Sobolev-Poincare´’s inequality). Let q be a number with 2 ≤ q <
+∞. Then there is a constant c∗ = c∗((0, 1), q) such that
‖ψ‖q ≤ c∗‖ψx‖2 for ψ ∈ H
1
0 ((0, 1)).
Now we give some estimates related to the convolution operator. By direct calcu-
lations, as in [16-17] we find
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(t)
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where





















The above system subjected to the following initial and boundary conditions
ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = ω(0, t) = ω(L, t), t > 0
ϕ(x, 0) = ϕ0, ϕt(x, 0) = ϕ1, ψ(x, 0) = ψ0, ψt(x, 0) = ψ1,
ω(x, 0) = ω0, ωt(x, 0) = ω1, x ∈ (0, L).
(2.8)










































Now we give an explicit upper bound for the derivative of the energy.
Lemma 2.2. Let (ϕ, ψ, ω) be a solution of the problem (1.1). Then, the energy














Proof. Multiplying the first equation in (1.1) by ϕt, the second by ωt and the third












(ϕx + ψ + lω)xϕtdx− lk3
∫ L
0
(ωx − lϕ)ϕtdx = 0,
































(ωx − lϕ)xωtdx+ lk1
∫ L
0





























































(t)(g o ψx)(t) = 0.
(2.11)
















After deriving the last equality, we deduce the desired result.
3. Asymptotic Stability
In this section, we prove the asymptotic stability result by constructing a suitable
Lyapunov functional. Now, let us introduce the following functional





(ρ1ϕϕt + ρ2ψψt + ρ1ωωt) dx.(3.2)
Then the following result holds.
Lemma 3.1. There exists a positive constant C such that the following inequality
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Proof. We will argue by contradiction. Indeed, let us suppose that is not true. So,






2 + k1|ϕνx + ψ + lων|










2) dx = 1.(3.5)




embedding H10 (0, L) →֒ IL
2(0, L) is compact, then the sequence {(ϕν , ψν , ων)}ν∈N
converge strongly in (IL2(0, L))3. From (3.5), we get
ψνx → 0 strongly in IL
2(0, L).(3.6)
Using Poincare´’s inequality, we can conclude that
ψν → 0 strongly in IL
2(0, L).(3.7)
Now, setting ϕν → ϕ and ων → ω strongly in IL
2(0, L). From (3.6), we have
ϕνx + ψν + lων → 0 strongly in IL
2(0, L).(3.8)
Then
ϕνx + ψν + lων = ϕνx + ψν + l(ων − ω) + lω → 0 strongly in IL
2(0, L).(3.9)
which implies that
ϕνx → −lω strongly in IL
2(0, L).(3.10)
Then, {ϕν}n is a Cauchy sequence in H
1(0, L). Therefore {ϕν}n converge to a
function ϕ1 in H
1(0, L). Consequently {ϕν}n converge to ϕ1 in IL
2(0, L). Thus
by the uniqueness of the limit ϕ1 = ϕ. Moreover ϕ ∈ H
1
0 (0, L). From (3.10), we
deduce that
ϕx + lω = 0 a.e x ∈ (0, L).(3.11)
Similarly, we have
ωx − lϕ = 0 a.e x ∈ (0, L),(3.12)
and ω ∈ H10 (0, L). The equations (3.9) and (3.11) provides us ϕ = ω = 0, contra-
dicting (3.4). The proof is hence complete.
Lemma 3.2. The functional defined in (3.2) satisfies for any c1 > 0






t + (ρ2 + ǫ)ψ
2









ψ2x + (ϕx + ψ + lω)













4 (g o ψx)(t).
(3.13)
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Proof. By taking the derivative of (3.2) and using the system (1.1), we get









t )dx + k1
∫ L
0











Using Poincare and Ho¨lder inequalities, we find






t + (ρ2 + ǫ)ψ
2












x)dx+ σ(t)(g ∗ ψx, ψx).
(3.15)
Inserting (2.7) into (3.15), we get






t + (ρ2 + ǫ)ψ
2






















4 (g o ψx)(t).
(3.16)
Finally using (2.7) in the last inequality, we get the desired result.
Lemma 3.3. Let L(t) the functional defined in (3.1), then L(t) satisfies
d
dt
L(t) ≤ −C1σ(t)E(t) + C2σ(t)(g o ψx)(t), ∀t ≥ 0.(3.17)




































∣∣∣∣∣ ≤ σ′(t) c2sα1 ‖ωx‖22 + σ′(t)α1‖ωt‖22.(3.21)
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Combining (2.10), (3.13) and (3.19)-(3.21), we have
L′(t) ≤ −σ(t)
{






























































− σ(t) {c1 − (k0 − 2ǫ)} ‖ϕx + ψ + Lω‖
2
2































Using (2.7), we get
L′(t) ≤ −σ(t)
{



































4 (g ◦ ψx)(t)
− σ(t)
{











L(t) ≤ −C1σ(t)E(t) + C2σ(t)(g o ψx)(t), ∀t ≥ 0.
This completes the proof.
Lemma 3.4. There exists two positive constants λ1, λ2 such that
λ1E(t) ≤ L(t) ≤ λ2E(t), t ≥ 0,(3.24)
for M sufficiently large.
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∣∣∣∣∣ ≤ c2sα1 ‖ωx‖22 + α1‖ωt‖22.(3.27)
Combining (3.25)-(3.27), we have



























using the fact that σ(t)
σ(0) ≤ 1 and the inequality (2.3), to get





|L(t) −ME(t)| ≤ c6E(t),(3.30)







. Thus, from the definition of E(t) and selecting
M sufficiently large, we can easily find
λ2E(t) ≤ L(t) ≤ λ1E(t).(3.31)
Where λ1 = (M − c6), λ2 = (M + c6). This ends the proof.






, k1 = lk3.
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Proof. Multiplying (3.17) by η(t) and using the Lemma 2.2, we get
η(t) d
dt
L(t) ≤ −C1σ(t)η(t)E(t) + C2σ(t)η(t)(goψx)(t)
≤ −C1σ(t)η(t)E(t) − C2σ(t)η(t)(g
′
oψx)(t)















Since η is nonincreasing, from the definition of E(t) and assumption (2.2), we have
d
dt








E(t) for t > t0,






= 0, we can choose t1 > t0 such that





> 0 for t > t1.
Now let
χ(t) = η(t)L(t) + 2C2E(t).
Then we can verify that
θ1E(t) ≤ χ(t) ≤ θ2E(t).(3.34)
Where θ1, θ2 are two positive constants, thus we arrive at
d
dt
χ(t) ≤ −C4σ(t)η(t)χ(t) for t > t1.
Integrating the previous differential inequality between t1 and t gives the following







, ∀t ≥ t1.







, ∀t ≥ t1.
This completes the proof.
Remark 3.1. We illustrate the energy decay rate given by Theorem 3.1 through the
following examples.
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1. If g(t) = ae−b(1+t)
ν
, σ(t) = 1
1+t
for a, b > 0 and 0 < ν ≤ 1, then η(t) =




2. If g(t) = ae−b ln
ν (1+t), σ(t) = 1
ln(1+t)
for a, b > 0 and 1 < ν, then η(t) =
bν lnν−1(1+t)
(1+t)




3. If g(t) = e−at , σ(t) = b
(1+t)
for a, b > 0 then η(t) ≡ a satisfies the conditions
(2.1) and (2.2). Thus (3.32) gives the estimate
E(t) ≤ C0(1 + t)
−θab
.
4. If g(t) = e−at, σ(t) ≡ b. Note that in this case (3.32) reduces to one of [23].
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